Abstract. We define push-forwards along projective morphisms in the Witt theory of smooth quasi-projective varieties over a field. We prove that they have standard properties such as functoriality, compatibility with pull-backs and projection formulas.
Introduction
Let k be a field with chark = 2 and Sm k denote the category of smooth quasiprojective varieties over k. We consider the Witt theory of such varieties developed by P. Balmer , which the reader is supposed to be familiar with.
1.1. Twisted pull-backs of line bundles. For X ∈ Sm k , let ω X = dim X Ω X denote the canonical sheaf of X. For a morphism f : Y → X in Sm k , let ω f = ω Y /X = ω Y ⊗f * ω ∨ X be the relative canonical sheaf; clearly we have ω f g ∼ = g * ω f ⊗ω g (canonically) for any composable f and g. For a line bundle L on X, we introduce the twisted pull-back L f = f * L ⊗ ω f ; one checks that (L f ) g ∼ = L f g canonically.
Review of Gysin operators
In this section we remind the reader how the push-forwards along closed embeddings are defined in [Ne1] . We provide a brief account of the properties of such push-forwards which are also referred to as Gysin operators.
2.1. Definition. Let i : Y ֒→ X be a codimension c closed embedding of smooth varieties and let p : N X/Y → Y denote the normal vector bundle to Y in X. Let L be a line bundle on X and L Y = i * L its restriction to Y . (i) We define the Gysin operator
as the composition
where N = N X/Y , th(N ) and d(X, Y ) are the Thom and the deformation to the normal cone isomorphisms, respectively (see [Ne1, Sections 2 and 3] ), and the last arrow is an extension of support. The Thom (dévissage) isomorphisms in Witt theory were also considered by S. Gille, see [G3] . A general reference on the deformations to the normal cone is Fulton's book [Fu, Chapter 4 ]; see also [PS] [PS1] [SP] in the context of oriented cohomology theories.
(ii) If T is a closed subscheme in X and S is a closed subscheme in Y such that S ⊂ T Y = T ∩ Y , then we define the Gysin map with support
Here S and T do not need to be smooth.
which is an isomorphism (the first two steps in (i)). (iv) Observe that if i : Y → X is an isomorphism, then i * = (i −1 ) * , both on the Witt groups with and without support.
(v) In this section we use the more explicit [Ne1] -notation L Y ⊗ det N X/Y to denote the twist on Y . In Section 3 we'll switch to the notation introduced in 1.1, which is shorter and more functorial, and will write L i for the same. Gysin operators enjoy the following properties.
֒→ X be equicodimensional closed embeddings of smooth quasiprojective varieties, and let r = codim i, s = codim j, t = codim (ji) = r + s.
3
Let L be a line bundle on X and L Y , L Z its restrictions to Y and Z. Then the diagram 
the following diagram commutes:
Here the vertical maps are extensions of support. 
in Sm k in which i and (consequently) i ′ are closed embeddings of codimension c. This means that it is cartesian in Sm k and the natural map
is an isomorphism of vector bundles, see Def. 3.5 in [Ne1] . Let L be a line bundle on X. Let S and T be compatible closed subschemes in Y and X, see 2.1(ii), and S ′ 4 and T ′ be their pullbacks to Y ′ and X ′ respectively. Then with the same notation, the diagram commutes
The 
which can be expressed by the simple formula
2 . If furthermore S 1 , S 2 , and T are closed subvarieties in Y 1 , Y 2 , and X, respectively, not necessarily smooth, S = S 1 ∐ S 2 and i(S) ⊂ T , then we have additivity with support: i
The case of several components follows by induction. 
. With this notation we have i * (1) = 0 .
Projection formulas.
(See [Ne1, Section 6.4] for the proof of the projection formulas and [GN] for the definition and properties of the product structure on the Witt groups introduced by S. Gille and the author.) Let i : Y ֒→ X be a codimension c closed embedding of smooth varieties. Let L and L ′ be line bundles over X, and let
. If, moreover, S and T are compatible closed subschemes in Y and X, see 4.1(ii),
Traces of projections
In this section we define traces
along projections of the form p = p (n)
X : X × P n → X and prove their properties. Here T is a closed subscheme of X, not necessarily smooth, and
is the twisted pull-back of L as defined in Section 1.1. If S ⊂ T × P n is another closed subscheme of X × P n , we can combine (3.1) with the extension of support and get the trace operator
. The properties of the operators p T * can be easily generalized to the p S,T * , which is left to the reader.
Lemma 3.1. Let n be even.
(i) The operator (3.2) is an isomorphism.
(ii) It does not depend on the choice of a point a ∈ P n (k), i.e., if
X,a ′ ) * . Proof. (i) By Definition 2.1(ii), a Gysin operator is the composition of three maps two of which are always isomorphisms. Thus it suffices to show that the extension of support map
is an isomorphism. This map fits into the localization sequence
Considering P n − a as a line bundle over P n−1 , we get by homotopy invariance
Here we consider P n−1 as a linear subspace in P n not meeting a. Let U = X − T and consider the localization sequence
Hence the side groups vanish by [Ne2, Cor. 4 .2] since n is even. Thus the middle group vanishes as well, which proves (i).
(ii) There exists an automorphism α of P n given by a matrix of SL n+1 (k) which
X,a ) * , and it suffices to show that
Clearly we can assume that α is an elementary matrix. The following argument works for any theory satisfying homotopy invariance. Consider the automorphismα of P n × A 1 such thatα 0 = id P n and α 1 = α. (If α = e i,j (λ), thenα t = e i,j (tλ).) Denote by i 0 and i 1 the embeddings P n ֒→ P n ×A 1 given by y → (y, 0) and y → (y, 1) respectively, and π : P n ×A 1 → P n the projection. Since π • i 0 = π • i 1 = id P n and π * is an isomorphism by homotopy invariance, we have i * 0 = i * 1 which is an isomorphism as well. Applying pull-backs to the diagram
proves the assertion.
Definition 3.2. Let X be a smooth quasi-projective variety over k, T ֒→ X be a closed subvariety, not necessarily smooth, and let p = p (n)
X : X × P n → X denote the projection.
(i) If n is even, we define
−1 * . By Lemma 3.1, this does not depend on the choice of a point a ∈ P n (k).
(ii) If n is odd, p * = (p (n) X ) * is defined as the composition
where j (n,n+1) : P n ֒→ P n+1 is a k-linear embedding and j
Observe that (j (n,n+1) X ) * does not depend on the choice of such a linear embedding. For, every two such embeddings can be connected by an SL-automorphism of P n+1 , and the same argument as in Lemma 3.1, (ii) applies.
Properties of push-forwards along projections. As our definition of the traces of projections is stated in terms of Gysin maps, it is not a surprice that basic properties of the operators p * can be deduced from the properties of Gysin operators.
Composition. Consider the diagram
by means of which we introduce notation for the obvious projections, and also let p
for a line bundle L on X. Then for any q the following diagram commutes:
Proof. Case 1: m, n even. Choose a ∈ P m (k), b ∈ P n (k). All the four arrows in (3.3) are the isomorphisms inverse to the Gysin operators along the embeddings i
X×P m ,b , respectively. As Gysin maps are functorial, see 2.2, the diagram consisting of the i * 's commutes, which proves the assertion.
Case 2: m odd, n even. Consider the diagram
We leave it to the reader to add spaces, supports and twists accordingly. The side (triangular) faces commute by the definition of (p Case 3: m and n odd -is left to the reader as an exercise of the same type.
Base change. Given
and let p X n : X × P n → P n and p (3.4) all the isomorphisms being canonical. The resulting isomorphism ω X ′ ×P n /X ′ ∼ = (φ (n) ) * ω X×P n /X reflects the fact that the square
is transversal; we refer to 4.7 for a discussion of general transversal squares, which is unnecessary in this trivial case. Given a line bundle L on X, it follows from (3.4) that
where all the isomorphisms are canonical. Thus the upper arrow (φ (n) ) * in the diagram
T (X; L) has a correct target. We claim that the diagram commutes for any closed T in X.
Proof. Let i X ′ : X ′ → X ′ × P n , i X : X → X × P n be constant sections given by the same k-point of P n . Then
* , which proves the property in this case. If n is odd, then
Here the third equation is true by 2.4 since the square
is transversal.
3.5. Compatibility with linear embeddings. Let j = j (m,n) : P m → P n be a k-linear embedding and denote j
X ) * , i.e., the following diagram commutes:
X . Case 1: m and n even. By 2.2 we have (i
Case 2: m even, n odd. Consider the diagram
x xX Take the respective Witt groups and get
The latter is true by Case 1 and (j
x xX and get
Case 4: If m and n are odd, then
3.6. Compatibility with Gysin operators. Let i : Y ֒→ X be a codimension c closed embedding of smooth varieties. Let S and T be closed subschemes in Y and X, respectively, such that S ⊂ T ∩ Y . Then the diagram commutes:
Y,a ) * if n is even. The latter is true by 2.2.
(ii) If n is odd, then
3.7. Projection formulas. Let T and T ′ be closed subvarieties in a smooth X and let L and L ′ be line bundles on X. Then in W
X,a . Then γ = i * α and δ = i * β. Applying p * = (i * ) −1 to the projection formulas of 2.7 proves the result. Case 2: n odd. We have
The second formula can be reduced to Case 1 the same way.
3.8. The section property. Let s : X → X × P n be a k-rational section of p (n)
X . Clearly, s = (1 X , f ), where f = p X n • s : X → P n and p X n denotes the projection X × P n → P n . According to 1.1, (L (n) ) s ∼ = L canonically, and we can consider the Gysin operator
Proof of the proposition modulo the lemma.
by the projection formula 2.7
by the projection formula 3.7 = α ⋆ 1 = α by Lemma 3.11
The proof of the lemma occupies the rest of the section.
3.12. The trace of diagonal. Consider the diagonal embedding ∆ : P n → P n × P n and let p i : P n × P n → P n denote the projection to the ith factor. As p 1 • ∆ = id P n , (L p 1 ) ∆ ∼ = L canonically for a line bundle L on P n , and we can consider the trace
For a ∈ P n (k), let i a = i (n) P n ,a : P n → P n × P n , x → (x, a). Then (L p 1 ) i a ∼ = L canonically, and we can equally consider the trace (i a ) * : W q (P n ; L) → W q+n (P n × P n ; L p 1 ) .
Lemma 3.13. ∆ * = (i a ) * if n is even.
Proof. We can assume that L ∼ = O(l) for some l ∈ Z. Case 1: l is odd. Denote also by a the embedding pt ֒→ P n , pt → a, where pt = Spec k. Then ∆ • a = i a • a and ∆ * • a * = (i a ) * • a * by 2.2. As l is odd, the trace a * :
is an isomorphism by the same argument as in the proof of Lemma 3.1(i), which proves the assertion in this case. Case 2: l is even. Denote i ′ a the embedding P n → P n × P n , x → (a, x), and consider the diagram of embeddings
which is transversal for either choice of the top arrow. By 2.4 we get the diagram
which commutes for either choice of the top arrow; here L ′ = (i 
Here r = codim g, s = codim f , t = r + s.
Proof. The first assertion is straightforward.
